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Abstract 



' , ' Let H he a. real separable Hilbert space and {ak)kel, ^ sequence of bounded linear 

n , , operators from H to H. We consider the linear process X defined for any /c in Z by 

^S^ • Xk = ^ •g^aj(efc_j) where {ek)ke'L is a sequence of i.i.d. centered ii^-valued random 

^ ■ variables. We investigate the rate of convergence in the CLT for X and in particular 

we obtain the usual Berry-Esseen's bound provided that X^/gZ blll'^ill'C(H) < +cc 
and eo belongs to LJ^. 

^^ ■ Short title: Berry-Esseen's CLT for Hilbertian linear processes. 

^D \ Key words: Central limit theorem, Berry-Esseen bound, linear process, Hilbert 

L^ , space. 
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1 Introduction and notations 

Let (iJ, \\-\\h) be a separable real Hilbert space and (£, ||.||£(ii')) be the class of bounded 
linear operators from H to H with its usual uniform norm. Consider a sequence {ek)kez 
of i.i.d. centered random variables, defined on a probability space {Q,A,F), with values 
in H. If {ak)k&z is a sequence in C, we define the (non-causal) linear process X = {Xk)k&z 
in H by 

Xk = '^aj{ek-j), keZ. (1) 

jez 

If Yljez \\(^j\\c{H) < oo and £'||£:o||// < +oo then the series in ([1]) converges almost surely 
and in L}j{Q, A, P) (see Bosq [2j). The condition Xliez ll%ll.c(/f) < oo is know to be sharp 



for the A/ra-nornialized partial sums of X to satisfies a CLT provided that {ek)k&z are 
i.i.d. centered having finite second moments (see Merlevede et ah [6j). In this work, we 
investigate the rate of convergence in the CLT for X under the condition 



EbT 



a, 



\c{H) < oo 



(2) 



with r = 1 when {ek)kez are assumed to be i.i.d. centered and such that Eq belongs to L^ 
and r = 1/2 when {ek)k&z are i.i.d. centered and such that sq belongs to some Orlicz space 
Lh,iP (see section 2). This problem was previously studied (with r = 1 in Condition ([2j)) 
by Bosq [3] for (causal) Hilbert linear processes but a mistake in his proof was pointed 
out by V. Paulauskas jT]. However, in the particular case of Hilbertian autoregressive 
processes of order 1, Bosq |1] obtained the usual Berry- Esseen inequality provided that 
{ek)k£Z are i.i.d. centered with Eq in L^. 



2 Main result 

In the sequel, C^g is the autocovariance operator of Eq, A := Xliez ^j ^^^ ^* ^^ ^^^ adjoint 
of A. For any sequence Z = {Zk)k^x of random variables with values in H we denote 



A„(Z) = sup 
where A^~AA(0,AC,o^*). 



P 



n 

In ^-^ 

k=\ 



<t -P(||iV||H<t) 



u 



For any j G Z, denote c^^n = S"=i h-j where bi = Oj for any z 7^ and bo = Qq — A. 
Lemma 1 For any positive integer n, 



^Xk = A{^Ek] +Qn + Rn 



k=l 



.fc=l 



where Q„ = ^^^^ Eh|>„«fc-j(^j) (^^d i?„ = 'ZijKn^^jA^J 



\j\< 



Recall that a Young function t/; is a real convex nondecreasing function defined on M"*" 
which satisfies lim.t^j^oo'ipit) = +cxd and ^(0) = 0. We define the Orlicz space Lh,iP as 
the space of i7- valued random variables Z defined on the probability space {Q, J-", P) such 



that ii^ ['?/'( II Z II ///c)] < +00 for some c > 0. The Orhcz space L^^^ equipped with the 
so-called Luxemburg norm ||.||^ defined for any if -valued random variable Z by 

ll^llv, = inf { ; E[^(||Z||^/c)] < 1 } 

is a Banach space. In the sequel, c{N) denotes a bound of the density of A^(0, ACe^A*) 
(see Davydov et al. [S]). Our main result is the following. 

Theorem 1 Let {ek)k& be a sequence of i.i.d. centered H-valued random variables and 
let X be the Hilbertian linear process defined by ([I]) . 

i) If So belongs to LJ^ and J2jez \J\\\'^j\\c{H) < 00 then 

An(X) < ^ (3) 



where Ci = C2 + 14c(A^)||£:o||oo Xljez |j|ll'^ilk(-f/) ^^^ ^2 is a positive constant which 
depend only on the distribution of Eq. 



c{N)\\Qn + RnU 



ii) If ip is a Young function then 

A„(X) < A4A{e)) + ^ (^ ^"'"'"J-' ^^""^ J (4) 

where (p{x) = xh~^{l/x) and h{x) = xiplx) for any real x > 0. 

The inequality (jlj) ensures a rate of convergence to zero for A„(X) as n goes to infinity 
provided that An{A{eo)) goes to zero as n goes to infinity and a bound for ||Q„ + -R„||^ 
exists. As just an illustration, we have the following corollary. 

Corollary 1 Assume that {ek)kei ^^^ i.i.d. centered H-valued random variables and that 
the condition (0) holds with r = 1/2. 

i) If Cq belongs to Ljj^^-^ then A„(X) = O i -^j^ ) where tpi is the Young function defined 
by V'i(a^) = exp(x) — 1. 



ii) If Eo belongs to U^ for r > 3 then A„(X) = O (n 2(r+i) j 



3 Proofs 

Proof of Lemma [TJ For any positive integer ra, we have 

n n n 

j=—n k=l j=—n 

n 

fc=l je[-n,n]\{fc} \fc=l 

n n ( ^ 

k=\ j=—n \fc=l 

k=l \k=l J 

The proof of Lemma [1] is complete. 

Proof of Theorem [TJ Let A > and t > be fixed and denote U = A iJ2t=i ^k/y/n) 
and V = {Qn + Rn)/\/n. So f/ + V = YJk=i ^k/y/n and 

n\\U + V\\h <t)< F{\\U\\h <t + X)+ mV\\H > A) (5) 

For Aq = 2||y||oo, we obtain 

mu+ v\\h <t)- nimn <t)< mu\\H <t+Xo)- niwwH < t). 

If c{N) denotes a bound for the density of ||A^||j^ (see Davydov et al. f3|) then 



Noting that 

(-n-l \ / n-j \ 

5Z ^M + 5Z "M 5Z ^^ (6) 

k=l-j / j<0 \k=n+l / 

and 

Rn = Rn + Rn (7) 

where 

j=-n \k=l / j<-n \k=l / j>0 \k=n~j+l 



and 



2n 



n~j 



K = J2^A Yl ^fc + 5Z "M 5Z ^^ 

jr=l \k=-j+l / j=n+l \k=~n 

we derive that \\Qn + Rn\\oo < 7||£:o||oo Zljez |j|lkilk{H) and consequently 

An{X) < An{A{e)) H 



n 



Combining the last inequality with the Berry-Esseen inequality for i.i.d. centered H- 
valued random variables (see Yurinski [TT] or Bosq [2], Theorem 2.9) we obtain (|3]). 



In the other part, if t/^ is a Young function we have P(||V||j:/ > A) < ^ | x 
keeping in mind inequality (^, we derive 

A„(X)<A„(A(£)) + c(iV)A + 



and 



^{^/WvhY 



^ if and only if A = ^ ^^^,, "^^ where if is defined by 



Noting that c(iV)A = -^^^^^^^^^^^ . . , ^^^^ 

(p{x) = xh~^{l/x) and /i by h{x) = xtplx), we conclude 



AniX) < A^iAie)) + if 
The proof of Theorem [T] is complete. 



c(iv)||g„ + i?„| 



n 



Proof of Corollary [H Assume that H^olUi < oo where ipi is the Young function 
defined by ipii^) = exp(x) — 1. There exists a > such that E' (exp(a||£o||H)) < 2. So, 
there exist (see Arak and Zaizsev [Ij) constants B and L such that 

77? ' 

EWeoWJ^K—B'L"'-^ m = 2,3,4,... 

Applying Pinelis-Sakhanenko inequality (see Pinelis and Sakhanenko [?] or Bosq [2]), we 
obtain 



P 



9 
k=p 



^>xj <exp^ 2iq~p + l)B^ + 2xLj' 



X > 



and using Lemma 2.2.10 in Van Der Vaart and Wellner [?], there exists a universal constant 
K such that 



Y^Sk <K{L + B^q-p + l) 

k=p i'i 



(8) 



Combining (ED, dZD and ([H]), we derive \\Qn + -RnlUi < C'Zljez V bill "ill ■C(/^) where the 
constant C does not depend on n. Keeping in mind the Berry-Esseen's central hmit 
theorem for i.i.d. centered if -valued random variables (see Yurinski [11] or Bosq [2], 
Theorem 2.9), we apply Theorem [T] with the Young function tpi. Since the function if 

defined by (p{x) = xh~^{l/x) with h{x) = xipi^x) satisfies 

<f{x) 



lim — ; ; r- = 0, 

3;^0xlog(l+ -) 



we derive A4X) = 0(i^). 



Now, assume that ||£:o||r < oo for some r > 3. Applying Pinelis inequality (see Pinelis 
[S]), there exists a universal constant K such that 



k=p 




and consequently 



k=p 



< 2Kr\\6o\\r^/q - p+1. 



(9) 



Combining (P, <^i) and ([H]), we derive ||Q„ + Rn\\r < C ^j^^ ^/\j\\\aj\\c{H) where the 
constant C does not depend on n. Again, applying Berry-Esseen's CLT (see Yurinski 
|11] or Bosq [2j, Theorem 2.9) and Theorem [1] with the Young function iIj{x) = x^ and 
the function if given by f{x) = x^^^'^~^^\ we obtain A„(X) = O ( ^"^(r+i) j, xhe proof of 
Corollary [T] is complete. 
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